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LIST OF SYMBOLS *

spreading rate parameter = 6/x

specific heat at constant pressu.e
local mass fraction of the region 1 gas
local mass fraction of the reglon 2 gas
total energy transfer rate per unit area
local enthalpy

mixing length (see Eq. 3.22)

local Mach number

local molecular weight

local particle density

local pressure

iocal heat transfer rate per unit area
local gas constant

universal gas constant

Stanton number = é/plul(h% - hy)

local temperature

time

local velocity in the . direction
local velocity in the 7y direction
coordinate paraliel to the 1lnitial region 1 fiow
coordinate normal to x

ratio of specific heats
total thlckness of the mixing region (at a given
radlal cocordinate = y/5

x)

shear stress proportionality constant (see Eq, 3.23)

local density
turbulent shearing stzess (.ce Eq, 3.22)

* Additional symbole introduced in the appendix are
defined in the appendix,




Subscrigtg

0 conditions
1 conditilons
z conditions
% conditions
a due to gas
B due to gas
Superscripts

0 stagnation

PP b . ey S Wi et M e

along the coordinate n - 0

in region 1

in region 2

along the dividing streamline (n,)
from region 1

from region 2

condition




Subscripts
0 conditions

1 conditions
2 conditions
# conditions
a due to gas
B due to gas
Superscripis

0 stagnation

along the coordinate n = G

in region 1

in reglon 2

along the dividing streamline (M)
from region 1

from reglon 2

condition
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1, INTRODUCTICLJ

1 An analytlccl study of the turbulent mixing of two
3 dissimilar gases in a free shear layer was performed by
Aercnautical Research Assoclates of Princeton, Inc, for
the Hypervelocity Kill Mechanisms Program, It was felt
desirable to develop a simpliiied method by which closed
form expressions could be obtained for the characteristics
of such a flow. These included the boundaries of the
mixing reglon, the location of the dividing streamline,
the local flow velocities, the local therinodynamic
conditions, and the mean rate of energy transport across
the shear layer,

s It will be shown that although the effects of

;' compressibility and the presence of dissimilar gases on
- elther side of the mixing region raise the level of
complexity of the problem, the apprcach remalns the same

as that utilized to solve the single gas lncompressible

problem, Therefore, in order to rocus attention on this
approach, the lncompressible one-gas flow 1s treated
first (Section 3), then the modifications required to
account for compressibility are shown and the results,

3 which then become functions of Mach number and enthalpy i
2 are given (Section 4), and finally, the treatment and
- results for the mixing of two dissimiiar gases are

presented (Section 5).
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2, THE FREE SHEAR LAYER

Before proceeding with the solution of the incom-
pressible single gas, the compressible single gas, and
finally the compressible two-gas problems, a more detailed
description of the flow pattern under study and the
corresponding model utilized throuvghcut tue analysis
should be given, Shown below 13 a sketch of a cross-
gectlcn ol a free shear layer showing the conco .ng free
stream, the region of turbulent mixing, and the entrained
flow, Typical veloclity profiles of the free stream and
mixing layer are also shown.

I s
free I external —
stream N flow ﬂ/,,/—‘j“:;—*j

v ../"” e 4

’/’,:j’”"miang regionl s
e =
leading edg ! S Sy
of hole + A S
l ' T

| \
entrained flow

Sketch of Actual Shear Layer

Several modifications to the above picture can be
introduced which, while simplifying the analysis, do not,
in general, materlally effect the solution, For one, the
boundary layer btuildup in the free stream prior to its
arrival at the leading edge of the hole is assumed to
have little effect upon the subsequent mixing and thus
18 neglected, For anothner, the exact self-similar hori-
zontsl veloclity profile in the mixing region can be
approximated by a properly chosen straight 1linz, It is
recognized that analytical expressions for the actual
profile do exist (for example, reference 2); however, a
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linear prcfile, particularly for the two-gas compressible
Tlow prcoblem, allows the development of the solution in
terms of closad form expressions which are meost instructive
and, for our purposes, appcar adequately accurate, The
method by which the proper eculvalent profile was obtained
is discussed in the next ssction,

Several assumptions common in boundary layer theory
were also made, Specifically they were that the gradients
in the vertical direction are much greater than those in
the horizontal direction, the static pressure is everyvhere
a constant, and the mean flow is s° ady.

The use of these assumptions leads to %he idealized
model for a shear layer shown in the next sketch, A
number of important quantities which will be discussed in
the development to be presented in the next: several sections
have been lndicated,

Pl nl uPper
Region 1 _”_*_ﬂ_gi;,~/fh1 boundary
e = N
/” - | -—_>‘7
e, =0y
ST — - 8 & O
’W\\:?wmm‘%»q:= “T“a7u* — O dividing
$ | oy L e streamline
: ‘f"e 4 - *_\ P
| LN W o 0 ——— nV?—' o
Region 2 e, —
T 7, lower

“ boundary

Sketch of Model for Shear Layer Studiles




- 3. INCOMPRESSIBLE SINGLE-GAS FLOW

- In this initlal analysis, several fiow parameters
of major interest will be derived for the incomprezsible
L single-gas shear layer, For this case the method will
be most transparent and expgerimental data are available
for comparison, Having eatablished the pattern of the
development with thils simple case, 1t wiil not be
necessary to retrace the steps in detail for each suose-
quent case, In the ensulng sections, the emphasis will
be unon the modifications required for treatment of the
more general flows and the subsequent effects upon the
various flow parameters ci interest.

3.1, Horizontal velocity.

If one assumes, as 1s customary in turbulent shear
- laycr theory, that the mean profiles are self-similar
. and that mixing length is proportional to shear layer
breacth, it can wne shcwn that the total spread of the
Jayer varies linearly -7ith dewnstream dictance and that
the velocity and hence 8ll rnther {low parameters remain
constant along any ray emanatirg frcom the ovigin. Thus
the problem can be erpress=¢ in terms of only one inde-
pendent variable 7 where 1= 7/x .

Zxpressing the statements that the horizontal
velocity 18 linear in y and that the shear layer thlck-
ness 1s Jinear 11 x a3

7
f U= ug o+ (%)y (2.1)
: and 6 = ax (3.2}

- we can write in terms of the single coordinate 7 = y/¢

- MMMJ




L
%=%+3 (3.3)

i»om which 1t can be shown that

Yo Yo .
n/a=1-7 and n,/a= - = (2.0)
‘ 1 - 1
where My 5 Mo v Uy 5 Uy and & are shown in the final
sketch of the last section.
The reference veloclty Uq in turn can be obtained
by utilizing the fact ihat the total horizontal momentum

flux in the nixing region may be written

f puedy = pluley'1 (3.5a)

where 71 and ¥y, are the 1imits of the miring region
at x , Transposing to tne coordinate 1 and nondimen-
slonalizing, thiz may be w:itten

FRY4 1
NCTOR I
‘1a/3

Introducing the relationships (3.3) ana (3.4) for u/u1
and the limita ql/a and nz/a and performing the
indicated irfegration, we Iind

u
§=§ (3.6)

1
Finally, returning to the above equatiowns for the horizontal
velocity and mixing region 1limits, we can now write

+d (3.7)

<

B
o)

wln

oy




T 1

=3 (3.8)
o 2

2 =73 (3.9)

J.2. Vervical velocity.

The vertical velocity anywhere in the fiow can be
obtained through *the use of the vontinuity equation, For
incompressible flow, this equaticn is

3u ., ov _ .
‘g{'*l*gs;-— Q (3..).0)

Using (3.7) and »epiacing n by ¥/x , we can write

c

ou

1 ¥
Er (3.11)
or by the use of (3.10)
(\)V ul y ( )
— T e— 3.12
dy a i%
Integrating this last 2xpression yields
az‘: 55 * c (3.13a)
ne
where C = - 7£; from the boundary condition v = 0 at
L=y Thus
2 2
v._af/n i) .
-t - @] 3:13%)

F‘g; Prec st L e




or by substituting (3.8)

% -#((2) - 4] (3130

A particular vertical veloclty that may te of interest
1s the cne that exists at the lcwer edge of the mixing
region, 1.,e. the velocity at which the gas inltially at
rest 1s being entrained, By substituting the expression
ne/a from (3.9) for n/a in the above squation, we obtain

2 _a 2.14;
uy Y ~eT

3.3. Dividing gtreamline,

Of particular interest in several future computations
will be cornditions cn the dividing streamline, The
d” viding streamline of the mixing region is defined as that
strecmline above which the mass flow is equal to the mass
flow from the externa] stream that has been captured by the
mixing region, Thus

Y1

prudy = Puy ¥, (3.15a)
P

wbers the subscript * will be used to denote conditions
orn the dilviding streamline. In teruss of the variable n ,

n/a PN
[ &) s
\h*/a 1
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Again utilizing (3.7) and (3.8) for u/u;  and N,/ . a

Juauratic exprension fop Nx/2 1s obtained from which one
deduces that

N 2
ety

]

= - ,0893 (3.16)

(Note tnat tue Pius sign of the square root is to be taken
since 1n,/2 must lis inside ne/a = =-2/3,)

3.4. Deflection of the free stream,

In the derivations for the vertical velocity and the
dividing streamline, it was assumed that the free stream
veloclty contained no vertical component (v1 = 0). 1If,
instead, it is afsvned that due perhaps to the presznce of
& shock emanating from the upstream edge of the hoie there
is a vertical velosity component to the free stream, then
the general vertical veloclty ang dividing streamline
eXpressions are modified as follows :

The coustant of integration ¢ in equation (3,13a)
is now ¢ = (vi/uy) - (nf?Qa) so that

2 v
v a 1 1 -
% - 83) '§]*ﬁ; (3-47)
and
v v
2 1
-~ . 8 1 .18
mofrn (3.18)

The mass balance eauation /2.158) must contain a term to
account for the mass flux being lost through the upper
toundary of the mixing region. Tahus, instead of (3.15a)
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we have
71

uf pudy = pju y; = pyvyX (3.19)
Vi

Nondimensiorilizing and integrating as before ylelds
e 2 /1 2 V1 ,
—_—= - b= == .20
” 3*+/ 3*3% (3.20)

1

An interesting gquantity which can now be computed is
the magnituae of the vertical velocity component of the
free stream necessary to drive the aividing stireamline to
a horizontal position, 1i.e. N, = 0 . It is quickly seen
from the above expression that

.‘v
(—1 o & (3.21)
ul, 18
ﬂ*=0

If one assumes that the shear layer ls formed as a
result of a uniform flow across an orifice in an stherwise
closed thin.-walled chamber, then as long as the dividing
streamline iz deflected downward the mass in the charber
will increase (se: sketch below).

free
stream ,free shear layer development
f
i ey
-
A T
T T n'*
~ %

chamber
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In this ~ase, to the order of accuracy of the present

shear layer model; the resulting increased pressure in the
chamber shcould defiect the free stream upward until the
pressure is just such that a shock 1s formed which deflects
the exterior flow by an amount v, @as given by (3.21).
At this point no further increase in mass and thus pressure
in the cavity 1s obtained since n, = 0 and thus the flow
1s stabilized, For finite thicknsss walls, the deflection
of r, necessary tc arrest the .1ll-up and the as3oclated
v, can be similarly computed,

3.5. Mixing region growth.

Up to this point, the boundaries of the mixing region
and the dividing streamline have been obtained as a
percentage of the nondimcneional spreading rate a = &/x .
To determine this quantity and thus the magnitudes of “1 5
n2 , and M, » 1t 1s necessary to introduce the turbulent
stress present 1n the shear layer., The formulation used
for this study 1s one which assumes that the turbulent
stregs is given by the Prandtl mixing length formula,
namely
du

oy

2 du

T = pf 3y

(3.22)

where £ 1s the mixing lengtir. Assuming that £ is
constant across the layer at any station and is proportional
tc the breadth cf the shear layer ¢ , we can write by
making use of our linear velocity profile (%5 = %&

T = xpuf (3.25)

where &k 1is referred t, as the shear stress proportionality
conatant, For an actual velocity profile (see reference 2),

RS BN T e AR S S e S S e = e




11
the line of maximum shear is found to coincide with the
dividing streamline., For thls reason the characteristic

shear stress Just derived will be assumed to act on the
dividing streamline,

(T R Ve —

v

Tc assoclace & spreading rate with this shear, we
first introduce the momentum equation

E

apue N Jdpuv _ s (3.24)
ox Sy dy

and integrate this expression from the 1wer boundary of

the mixing region y, to the dividing streamline vy, .
There results

Y » .
2 2% 2 Ix
Ex_f pu-dy + (PO = PyUy 3 + PoULVA PV, =Ty Tp
v .
2 (3.25) ‘1
Applying the conditions Uy = T, = 0 and noting tnat
dy*/dx = v*/u* , this expression reduces %o
Na/2 o
T*
4f Jfr)yd. 2 .k (3.26)
Ax v \ui/ & a5y &
1/ 171

Finally, carrying out the Indicated integrations and
differentiations resuits in

: 2
a_{g<lt+e RGNS A |
- 3\& "3/ 7 g\a oi 3

where n,/2 1s in general given by (3.20). For the cage
in which there 1s no rree stream deflection (vl = 0) ,

[M“Wl‘k i

AT Y asacnT e
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we have, from {3.16), 1 /a = - ,0893 &nd the spreading 3
rate becomes
a = 15,6« (3.28)

It appears that we have merely substituted one unknown

quantity for another, However, shear stress proportionality

factors have been experimentally obtainecd over a wide range

of flow conditions both at ARAP and elsewhere. For instance,

in refererce 1 a shear stress parameter K analogous to «

was obtalined from the measurement of free axisymmetric

turbulent jets, It was found there that K depends, to |
first order, only upon a suitebly chosen local Mach number, '
The Mach number used irn reference 1 was that found where

the lczal Jet velocity had dropped to one-half its value on

the centerline for the same axial location, thls location

being quilte close to the point where the stress is a

marimum, A plot of K as a function of local Mach number

thus defined is given in Figure 1.%*

To test the suitability o utilizing the K from
reference 1 as a basis for the « parameter developed here;
use vas made of calculations of the spreading rate of an
incompressible shear layer found in reference 2 and of
(3.28) Tor the incompressible relationship between spreading
rate and x , Reproduced in Figure z is the shear layer
profile given in the above reference. The proper equivalent
linear profile also shown in Flguve 2 was constructed such
that the momentum lcst between y, and vy, , i.e, the
momentum gained from Yo to Yo » in the cese of the linear
profile is equai to the momentum which 1ls lost by the exact

* The values at K shown in Figure i are a factor of 4 less
thar. those ir referenze 1. This change was necessar, to
compensate for the difference in the barle definition of =
used here and in the referenced reporc,
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profile between the same two iimits, Thus we have reguired
that the momentum transferred be the same for each profile,
™is condition leads to a value of the spreading rate

&= &/x of 0.185 for the equivalent linear profile.
Returning to (3.26) we find that «x fop incompressidle
flow is then .0119, From Figure 1 it 1is Seen that the
incompressible velue of « 1s .C117 which agrees quite
favorably with the above result, Thus we wiil assume in
what follows that the evaiuvation of «x versus M shown in
Figure 1 is valid for free shear layer flow in which M 1is
the local Mach number on the dividing streamline (the
location of maximum shear for inicompressible free shear
layer flows),

3.6. Summary of the incompressible flow results.

Before prcceeding to more general flow probleme and
the determination of the energy transferred to the cavity
asgoclated with each of them, 1t might be useful to
summarize the incompressible flow results, Table 3.1
presents the general form of the Several expressions
previously derived, Table 3.2 provides the specific values
of important quantities for the case of vy = 0 and
£ = ,0117.
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;ncompressiblg Shear Layer Flow Lxoressions
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T/ALE 2,2
Specific Values of Incompressible Flow Parameters feor
v, =0 and « = ,0117

uo/'u1 = ,667 u*/ul = 577

ve/ul = ,0305 vn*=0/u1 = ,0102

a = %- = ,183 which corresponds to an angle of +10,56°
nl = %} = ,0610 which corresponds to an angle of + 3,5°
Mg, = %; = -,0154 which corresponds to an angle of - 0.90
n2 = 2? =-~.122 which corresponds to an angle of . 7,1°
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4, COMPRESSIELE SINGLE-CAS FLOW

khen the Mach number in the f'ree stream is appreciable,
the densi“y can no longer bve considered conscant across the
iayer. In the previous section, the integration of mass
flux and momentum flux assuned p 1nvariart, Now these
integrals sust be reevaluated in terms of a varyliag dersity,

4.1, Density distribution,

In what follows we will assume, as was done in

reference 1 where the validity of the assumption is discussed

in some detail, that the mean local enthalpy in the mixing
region ia‘related to the mean velocity through the Crocce
integral, Thus the local stagnation enthalpy may be written
as a linear function of the local velocity,

0% = Au + B (4,1)

Expanding ho in terms of a local static enthalpy, this
latter quantity cai. ve written as

I = Au + B - % u? (4.2a)

ana after inserting the boundary condition h = hl when

U o= Uy and h = h2 vhen u=0, h can be expressed as
h=h,+ (:hlo_ hg% - <h3? - hl:\) ﬁ}i{)a (4,2)

Writing now the lo-al censity as
R =1 (4.3)

and recalling the assumption that the »ressure p is

5 r R eLgeaam— s

.




constant across the mixing layer, we obtain

iy
. .-1 ;1‘6
o _ ‘.h_n] o 1
Pl |~h1 hy [ L‘e} a fl (
ot ol \ag) - =
1 1

(%.4)

where he/n‘) is the stagngt;on enthilpj ;agio acros.: the
entire layer ana nl/h1 = { Ziz?__.mfzj is a function
of the free stream Mach number and ratio cf specific heats,
Equation (4.4) rrovides the necessary relationshic between
the density and velocity for use in the above-mentioned
integrals., DBecause of the linedr relationship Letween
veloclty and locaticn (3,3), these integrals can be

obtained in ~losed f{orn,

4,2, Compressible single-gas flcw paraueters,

»

Not all of the flow relationships developed in the
last section are modified by ¢ pressibility, The deriva-
tions of the general express’ons for the horizontal and
vercical veloeclties

1.11

cilﬁ
o

) + 4 (2.2)

2-
‘f a'ﬂ
S D@ e

and the expression for the mixlng region iimits

b u T u
-2 ] - 79 and i P (3.4)
a %y a Uy

cid noe invelve the density and thus are unsltersd.
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fdowever, the reference velocity uo/a1 » the spreading
rate a/k , and the dividing streamline n,/u obtained

a8 a result of .:omentum or mass flux integration mrs5t be
reevaluated,

Reference ve'ocity. The velocity uo/u1 was obtalned by
equating the total momentum in the shear layer at any
point %¢ the captured momentum of the initial fiow (see
section 3,1,, For the coupressible shear layer, the
integral of equation (3.5b) becomes

711/'3- 2

-y .B.) d(ll\ 4.5
‘j e &“1 3 (4.5)
”2/8.

where the density ration 1s given by equation (4.4},
Integration now results in an explici” but ratuer involved
expreasion for uo/u1 . Written functionally

Uy bm "
ﬁ‘£=f\?:m1: 71) (-)

The £:tual expression is given in the appendix. It has
been evaluated for several enthalpy ratics over g range
of Mach numbers on ARAF's high speed digital computer.

The results can be seen in Figure Using this Infor-

- ¢

mation, Ty/2 and N,/a ace immediately found from (3.4,

Dividing streamline. The dividing streamline was cbtailned

from mass flow considerations (see section 3.2,. The
integral in (3.15b) when the density is included, yields
an equation for n*/é in terms of the compressible

parameters he/h{), M1 , and Yy @and the vertical

b

i




pRy.
it TR L Ta

B o APt o oo

‘sed mﬁw:ﬁm - £3T00T5A B0U3Id I8 JO UoTletde € san3tiyg

'y

ne 2l 91 14| Gl O! 8 S 4 4 0
I _ °
|
—H20
.- 0
'n/%n
) vl =14

Bl weel e Bl Bed Rl B Bowted B Bl et B0 SEND




ARG LS N

| e ]

i ey

| N
#

[
%

~
18
component of the free stream vl/ul . Thus
/n# hf" Vl
8{\"‘5‘ ’ '% ) Ml ) 'Yl ETI A 0 (4'7)
hl 1

(Again, the actual expression 1s available in the appendix.
However, before evaluation of N, 1tself (as well as M
and ne), the spreading rate a wmust also be recomputed.

Spreading rate., The rate at which the mixing region spreads
3= 8/x was obtalned for the incompressible case by
cormputing the ratio of a to the shear stress factor « ,
From this ratio zng a knowledge of « , the nondimensional
Spreading rate &§/x can be obtained. For compressible
flows tb~ integration indicated in (3.26) yields

7 h, Ny ™
a 2 *
F=h(.;{5’ml U (4.8)
1

(See appendix for aztual expression,) 'The proper value of
k 18 obtained by first computing M, as a function of
hg/hf), Ml , and Y1 » and then using the assumed rela-
tionship between « and . gilven in Figure 1, The lceal
value of Mach number Mg 1s shown in Flgure 4. ‘'he
resulting evaluation of & = 6/x is presented 1n Figure 5,
It is seen that erthalpy ratio across the shear layer has
little effect on the total 8preading rate,

With the compressible spreading rats known, we can
now return to (4.7) an4 (3.4) and obtain the dividing
streamline and mixing region limits, respectively, These
quantities are shown 2s functions of Mach number Ml anda
enthalpy racio hg/hf in Figure 6,

B

b
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k.3. Energy transfer,

A characteristic of free shear layer flow that is of
interest when there exisgts a difference between the leve]l
of stagnation enthalpy on each side of the layer is the
resulting rate at which energy 1s transferred across the
layer, To compute its magnitude, we start by writing that
the total energy transferred across a region of the shear
layer per unit time per unit area is

é =g + Tu (4.9)

where g , the local heat transfep rate, is

Q 2 61‘1 'au Y
= pl- — |{= h,10
1= oy 10y ( /
and from our previous discussion of shear
2 ou |oul
= — == .22
T p£ Sy :a;l (3.22)
Thus the total energy flux can be written
. Bu} 2|auloh
ot !ayn oy [y |y )

Now, utilizing our previous assumptions of a linear
varlation of stagnation enthalpy with velocity and a
linear velocitr profile

. 0 0 u
on _ 3n0 3y _ h- ) (4.12)
(L)%

Sy

(LT et
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and since from previously obtained results
2,au‘ N
2 .S;. = /céul
the equation for total energy transfer becomes
- . 0 : I
€ = Kpyu, (hl ~ hy (4.13)

Here we have assumed, as was the cage for the shear, that
the characteristic value of a given transport should be
computed on the dividing streamline,

There are several ways in which this quantity can be
Presented, Commonly the Stanton humber is utilized, Here,
from a comparison of the definition of Stanton nambsr,

e = pju,St <h? - h2> (4.14)
with (4,13), 1t can be seen that

St = — (4015)

The density ratio on the dividing streamline may be
computed by first calculating uo/'u1 and n*/a from (4.6)
and (4,7), then u*/ul from (3.3), and finally p*/pl
from (4,4), 9he shes: stress proportionality constant x©
1s given in the previous section, The Stanton number thys
computed for the range of Mach numbers and enthalpy ratics
Previously shown is given in Figure 7,

A second and perhaps here a move uset'ul nondimensaional
barameter for the calculation of energy transfer may be

bl
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obtained a3 follows, Expressing the density pp 48
(see (1.3))
Y % )
py = —— - (4,16}
Vi -1y

the relation for energy transfer rate (4.14) ecan be
expressed as

. G
Y- I, /hq'\
: 4 2 i
e = -~ P2 U, St [1_ = _...]{,.._, (4,17)
-\{1 - J_ 1 l . }}f \l‘ll’/ /

Pividing (4.17) vy [71/(71 - 1)]p1u1 , one cbtains

S — -5t (1-2 (:Q‘ (k. 188)

Lol i
¥, - 1 "1“1

p
cr slince St =~Ei k there results finally

1
B\ A
p* 7 H >L \
e . 2Y 1 /
= — {1 = i 4.18p
'Yl pl ( ;to \hlj )
—-—-—-—-.—T p XL

A plot of é/[71/(71 - l)}plu1 is given in Figure 8.
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5. COMPRESSIBLE TWO-GAS FLOW

In thig section we will ertend the analysis to include
the mixing of two dissimilar gases,

5.1. Densivcy distribution,

In what follows, we again utilize the devzlopment in
refe~ence 1, There it was shown that for the mixing of
two .pecies (in which nc chemical reaction takes place)
the iocal mass fracticn of each species varies lineariy
across the mixing region, Letting ¢ and cB represent

a
the mass fracticn of "he two specles defined ag

e, = p/P and cg = pﬁ/p (5.1)
then from reference 1

C =3 -—1-1— (5*2)

Cq = - %L {5.3)
1
where o represents the specles in the frer itream,
dith these relationships, we are in a position to
reevaluate the local density expreasion. Assuming *hat the
gases are still terfect

p _ pp"
g = ®T © —"éﬁ- (5.)4)

where R 18 the universal gas ccnstant and m the local
mclecular weight, Thus, for use in our mass flux and
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momentum fiux integrals,
c C .~ i/
o _ Lop/opy) (wmy) (5.5)
N - \ASe s
Fi (h/hl)

Irom which we see that in addition to enthalpy ratio which

is already available, we need expressions for the specific

heat and molecular welzht ratios,

The local enthalpy can be exprecsed as

mo__ _— = < - l‘.
¢ 7 = h = e by + cBhB c,, plT + CBLDQT (5.6)

if 1deal gages are assumed as before, Eliminating the

‘temperature
C.=c¢ c. + cge (5.7)

u [ u
cC. = (———) e +11 - <1¢ (5.8)
PN N ) T,
- and so
c °p, “p
32-= éL (i - 3“é> + g"g (5.9)
Py 2 P4 Pl

" The molecular welght can be expressed as

1 = g {5.10)

‘where n  3is the particie density, Noting that

L —

(s 3 P

P, n.m
5—5%-_ i} and o L = 52_ (5.11) -
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a B\
=N+ Ny = (e 4+
o« P Am T omg

we can wrlte by combining (5.10) and (5.12)

1

- "

_[le, B
a [ 2]
Again, using (5.2) anc (5.3)
-1
fu/ul (1 - u/ul) ]
m = +
L oy Loy J

or

ES S 1-%)+;1§]‘1

ml U.l
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(5.12)

(5.13)

(5.14)

(5.15)

Returning to (5.5) and substituting for the specific
heat, molecular weight, and enthalvy, expressions (5.9),
(5.15), and (4,2b), we obtain the desired expression for

the density,

C C
rlL <1 -._Eg + pE} (E%
L 2
p;! \np
m

o _
= o) - h N/ h.

1 [2.(1_?}.\_; 2, (1 .2V AN

(5.16)
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5.2. Comnpressible two-was flow psraumeters,

in sgecticn 4, it was demonstrated that once the
proper densifty expression had been formulated in terms of
the local velocity, the expressicn for 21l of the {low
parameters of interest could be obtaired in cicsed form,
Having reevaluaced the locai density expression %o account
for the mixing of dissimilar gases, we may proceed in a
manner ldentical to that outlined in section 4, The
required integrations are considerably more involived but
8till tractable, The final expr2ssions, now functions of
Cp,/Cp; @Nnd my/my as well as hp/mf , ¥, , v, , and
vl/ul are glven in the appendix. These also have been
programmed for ARA}-s diglital computer, For meximum
molecular welght effects, molutions were obtained for a
ratio of entrained gas welght to free stream gas weight
of both one-tenth and ten. In each case the entrained
gas mclecules were assumed to possess a large number of
degrees of freedom so thac e 2 of 1.2 was used
throughout. To isolate the effects of the mixing of
dissimilar gases, all computations assumed a stagnation
enthalpy ratio ot 0.5,

The same flow parameters as were presented for the
single-gas comprescihle solut. .ns are shown for two-gas
flow in Figures 9 through 14, Note the very small
variation of a = §/x with moleculzr welght, The final
plot, Figure 1&, indicates t .t for the same external
conditions, at higa Mech nun sers, the oresence of a heavy
entrained gas can be expected to decrcase the energy
transferred by approximately 65 percent relative to the

case in which the -ntrained gas is a factor of 100 lighter,
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6., CONCLUSIONS

By the use of several simplifyving assumptions, cloged
form expressions have been obtalned for the properties of
a turbulent free shear layer in a comprecsible nonisoener-
getic flow in which dissimilar gases are present on the
two 8’3des of the mixing region. Simllar expressions are
obtained for both a compressible anu an incompressible
single-gas shear layer,

Amcong the propertles in the shear layer for which
expressions have been developed are

a., the local velocities

b. the local thermodynamic quantities

¢. the bouncdaries of the rhear layer

d. the dividing streamline
. the rate at which energy is transferred across

the layer,

The specific equations are available in the appendix,
Plots of these quantities as a function of Mach number,
enthalpy ratio, and mclecular weight are given in the
body or this report,
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APPENDIX

The relationsnips for the several prcperties cof the
gilagie gas compressible shear layer are as I'ollows:

Refercnce velocity,
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For the dissimlilar gas compressible problem, these
expressions are as follows:

Reference veioc' -,

u h m
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Dividing streamline,
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Spreading rate,
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end R, A, B,C, k, ¢, and ¥y as above,
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